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We investigate the approximation of smooth functions by local trigonometric
bases. In particular, we are interested in the local behavior of the approximation
error in the Lp-norm. We derive direct and inverse approximation theorems that
describe the best approximation on an interval by a ﬁnite linear combination of basis
functions with support in this interval. As a result, we characterize the Besov spaces
on an interval as approximation spaces with respect to a local trigonometric basis.
These local results are generalized to the approximation on the real line by linear
combinations which are locally ﬁnite. The proofs are based on the classical
inequalities of Jackson and Timan which are applied to local trigonometric bases by
the means of folding and unfolding operators. # 2002 Elsevier Science (USA)
Key Words: Local trigonometric bases; Trigonometric approximation; Jackson’s
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The classical theorems of Bernstein and Jackson relate the smoothness of
a periodic function to its approximation quality by trigonometric
polynomials. They are the ﬁrst manifestation of the paradigm of
approximation theory that good approximation properties are equivalent
to smoothness. The theorems of Bernstein and Jackson continue to inﬂuence1To whom correspondence should be addressed.
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APPROXIMATION THEORMS FOR LOCAL TRIGNOMETRIC BASES 75the course of approximation theory, see for example [8, 10, 13]. In particular,
the recent invention of wavelet bases and related bases for L2ðRÞ inevitably
poses the challenge to understand the corresponding approximation
properties.
In this work, we study the approximation problem with respect to local
trigonometric bases (see e.g. [1, 3, 6, 9, 22, 23, 25]). These new bases have
been developed in the wake of wavelet theory. Local trigonometric bases can
be constructed on an arbitrary partition of the real line, and locally they
resemble a trigonometric system. Speciﬁcally, assume that a partition of R is
given by an increasing sequence ðajÞj2Z such that limj!1 aj ¼ 1 and
hj :¼ ajþ1 	 aj > 0; and choose Ej > 0; j 2 Z; such that Ej þ Ejþ14ajþ1 	 aj;
j 2 Z: Then there exist window functions wj with suppwj 
 ½aj 	 ej; ajþ1 þ
ejþ1 and with given smoothness, such that the functions
cjkðxÞ :¼ wjðxÞ
ﬃﬃﬃﬃ
2
hj
s
cos ð2k þ 1Þ
x	 aj
2hj
p
 
; j 2 Z; k 2 N0 ð1Þ
form a Riesz basis for L2ðRÞ: For more details and references, we refer to
Section 3. This construction is extremely ﬂexible and yields a surprising
diversity of Riesz bases for L2ðRÞ: They include the Fourier transform of
original wavelet bases of Lemari!e and Meyer [24] and the Wilson bases of
Daubechies et al. [12]. Approximation properties of such bases have been
investigated in [2, 4].
Wavelet bases are extremely efﬁcient and successful in many applications
because they allow us to measure the local, in fact pointwise, smoothness of
a function [21]. Other bases, such as Wilson bases and Gabor frames, have
sometimes been discarded because they work with windows of ﬁxed size and
the maximum possible localization is the size of the window. In part, this
deﬁcit can be overcome by using local trigonometric bases since they admit
windows of variable size.
Our goal is to show that the local smoothness can indeed be described and
characterized by local trigonometric bases, in particular by Wilson bases.
For simplicity, we will restrict our attention to local trigonometric bases
with the two-overlapping property. These bases are used in most
applications of local trigonometric bases, e.g. signal segmentation, and
can be handled with only moderate technical difﬁculties.
We will characterize the Besov regularity f 2 Bap;qð½ar; asþ1Þ; where r5s;
by means of the approximation properties with respect to a local
trigonometric basis (1) associated to a partition faj : j 2 Zg: In analogy
with periodic functions that are approximated by trigonometric polyno-
mials, we will approximate f locally by windowed trigonometric poly-
nomials. To take into account the non-uniformity of the partition, we have
to adjust the local degree of approximation on each interval ½aj; ajþ1:
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2nhj
p e; where dxe is the smallest integer
which is greater than or equal to x 2 R: Now let Cnrs be the linear
ﬁnite-dimensional subspace of L2ðRÞ deﬁned by
Cnrs :¼ g ¼
Xs
j¼r
Xnj	1
k¼0
ajkcjk : ajk 2 C
( )
: ð2Þ
As a special case of our main results (Theorem 6.1), we may
now formulate the characterization of the H .older–Lipschitz spaces
Ba1;1ðIÞ; 05a51; on an interval I : Recall that these are deﬁned by the
condition jf ðxþ hÞ 	 f ðxÞj4Cjhja for x; xþ h 2 I :
Theorem 1.1. Assume that wj 2 Ba1;1ðRÞ; for j ¼ r; . . . ; s and some a;
05a51:
If f 2 Ba1;1ð½ar 	 er 	 g; asþ1 þ esþ1 þ gÞ for some g > 0; then
infg2Cnrs jjf 	 gjjCð½arþer ;asþ1	esþ1Þ ¼ Oðn
	aÞ:
Conversely, if infg2Cnrs jjf 	 gjjCð½ar	er ;asþ1þesþ1Þ ¼ Oðn
	aÞ; then
f 2 Ba1;1ð½ar þ e; asþ1 	 eÞ:
While this result falls short of characterizing the pointwise smoothness as
could have been done with a wavelet basis, it accomplishes the next best
goal, namely the characterization of the smoothness on an arbitrary interval
with endpoints in ðajÞ:
The idea for these characterizations is relatively simple. Any f has an
expansion of the form
f ðxÞ ¼
X
j2Z
wj
ﬃﬃﬃﬃ
2
hj
s X
k2N0
ajk cos ð2k þ 1Þ
x	 aj
2hj
p
  !
ð3Þ
with respect to the local trigonometric basis fcjkg: If the windows wj are
compactly supported, sufﬁciently smooth, and satisfy the two-overlapping
condition, then the periodic function fjðxÞ ¼
P
k2N0 ajk cosðð2k þ 1Þ
x	aj
2hj
pÞ
captures the local behavior of f on suppwj: Consequently, the smoothness
of fj and thus the local smoothness of f on supp wj can be determined by
means of the approximation properties of fj by trigonometric polynomials.
For the technical execution of this idea, we will make use of Wickerhauser’s
method of unfolding operators [28, 29]. Our results will be in the style of
classical approximation theory: we will ﬁrst prove a Jackson-type theorem
(Theorem 4.1) and then an inverse theorem for local trigonometric bases
(Theorem 5.1).
APPROXIMATION THEORMS FOR LOCAL TRIGNOMETRIC BASES 77Let us mention a few related ideas. The observation that the local Fourier
series fj capture the behavior of f on ½aj; ajþ1 has lead to a characterization
of Lp by means of Gabor frames [16, 18]. These results came as a surprise
because it had been claimed that Gabor-type expansions or Wilson bases are
not suitable for the treatment of Lp questions [11, p. 126]. Secondly, let us
emphasize that our results concern the linear approximation by functions
taken from the subspace Cnrs: The case of non-linear approximation with
local trigonometric bases has also been treated and lead to results of a
completely different nature. For instance, in the n-term approximation
problem, f is approximated by a linear combination g ¼
P
bjkcjk with at
most n non-zero coefﬁcients bjk : The asymptotic behavior of the
approximation error then determines a new class of function spaces, the
so-called modulation spaces [19]. These are intimately related to the phase-
space (or time-frequency) concentration of functions [15, 17], but have not
yet appeared in approximation theory.
The paper is organized as follows: Section 2 surveys a few technical
properties of moduli of smoothness, Section 3 provides the required facts for
the construction of local trigonometric bases and describes the method of
unfolding operators. In Section 4, we state and prove a Jackson-type
theorem for local trigonometric bases. Theorem 4.1 makes precise the idea
outlined above. The inverse approximation theorem for local trigonometric
bases is proved in Section 5. In Section 6, we give a complete
characterization of the Besov spaces Bap;qðIÞ as approximation spaces with
respect to a local trigonometric bases.
2. MODULI OF SMOOTHNESS AND BESOV SPACES
In the sequel XpðIÞ may denote any of the function spaces LpðIÞ if 14p
51; or CðIÞ if p ¼ 1 with an interval I ¼ ½a; b  R; 	14a5b41:
Analogously, Xp2p denotes the space C2p of 2p-periodic continuous functions
if p ¼ 1; and if 14p51 the space Lp2p of 2p-periodic p-integrable
functions. Finally, Xp can be Xp2p or X
pðIÞ for any interval I :
Definition 2.1. The mth differences of a function f are deﬁned by
Dmh f ðxÞ :¼ D
m	1
h f ðxþ hÞ 	 D
m	1
h f ðxÞ and D
0
hf ðxÞ :¼ f ðxÞ:
The mth order modulus of smoothness of f 2 XpðIÞ; I ¼ ½a; b; is deﬁned by
omðXpðIÞ; f ; dÞ :¼ suph2ð0;d jjD
m
h f jjXpð½a;b	mhÞ:
BITTNER AND GRO¨CHENIG78For f 2 Xp2p we deﬁne analogously
omðXp2p; f ; dÞ :¼ suph2ð0;d jjD
m
h f jjXp2p :
We ﬁrst study some properties of the modulus of smoothness under
pointwise multiplication. Using the recursive deﬁnition of the mth difference,
we obtain a Leibniz rule of the form
Dmh ðfgÞðxÞ ¼
Xm
m¼0
m
m
 !
Dmhf ðxÞD
m	m
h gðxþ mhÞ: ð4Þ
This implies for f 2 XpðIÞ and g 2 CðIÞ that
omðXpðIÞ; fg; dÞ4
Xm
m¼0
m
m
 !
omðXpðIÞ; f ; dÞom	mðCðIÞ; g; dÞ: ð5Þ
Definition 2.2. The Besov space Ba;mp;qðIÞ; a > 0; m 2 N0; is the set of all
f 2 LpðIÞ such that the semi-norm
jf jBa;mp;q ðIÞ :¼
R1
0 o
mðXpðIÞ; f ; tÞqt	aq	1 dt
 1=q
if 14q51;
supt2ð0;1Þ t
	aomðXpðIÞ; f ; tÞ if q ¼ 1
(
is ﬁnite. A norm in Ba;mp;qðIÞ is deﬁned by
jjf jjBa;mp;q ðIÞ :¼ jjf jjXpðIÞ þ jf jBa;mp;q ðIÞ:
We will need some properties and equivalent norms of Besov spaces,
which we list in the following lemma.
Lemma 2.1. ðiÞ If 04a5b5m and 14q1; q2;p41; then Bb;mp;q1 ðIÞ is
continuously embedded in Ba;mp;q2 ðIÞ:
ðiiÞ For any 04a5m15m2 and any 14p; q41; the semi-norms j  jBa;m1p;q ðIÞ
and j  jBa;m2p;q ðIÞ are equivalent.
ðiiiÞ For any a50; m 2 Z and any 14p; q41; the semi-norm j  jBa;mp;q ðIÞ is
equivalent to the discretized semi-norm
jf jnBa;mp;q ðIÞ :¼
P1
k¼0
ð2kaomðXpðIÞ; f ; 2	kÞÞq
 1=q
if 14q51;
supk2N0 2
kaomðXpðIÞ; f ; 2	kÞ if q ¼ 1:
8><
>:
For the proof we refer to [14, Sect. 2.10].
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a;m
p;qðIÞ for m	
14a5m without ambiguity. However, the other equivalent norms for Bap;q
ðIÞ will be useful later.
Lemma 2.2. Let a > 0; 14p; q41:
ðiÞ If f 2 Ba1;qðIÞ and g 2 B
a
p;qðIÞ; then fg 2 B
a
p;qðIÞ and
jjfgjjBap;qðIÞ4Cjjf jjBa1;qðIÞjjgjjBap;qðIÞ
ðiiÞ If f 2 Ba1;qðIÞ and jf ðxÞj5k > 0 for x 2 I ; then
1
f 2 B
a
1;qðIÞ and jj
1
f j
jBa1;qðIÞ is bounded by a constant which depends only on k; a and jjf jjBa1;qðIÞ:
Proof. (i) For m > a5m	 1; we can choose am; m ¼ 0; . . . ;m; such that
a0 ¼ 0; am5m when m > 0; and am þ am	m ¼ a: Using the discrete semi-norm
of Bap;qðIÞ and (5), we ﬁrst estimate in the case q51 that
jfgjnBap;qðIÞ ¼
X1
n¼0
ð2anomðXpðIÞ; fg; 2	nÞÞq
 !1=q
4
X1
n¼0
2an
Xm
m¼0
m
m
 !
om	mðCðIÞ; f ; 2	nÞomðXpðIÞ; g; 2	nÞ
 !q !1=q
4
Xm
m¼0
m
m
 ! X1
n¼0
ð2am	mnom	mðCðIÞ; f ; 2	nÞ2amn
 
omðXpðIÞ; g; 2	nÞÞq
!1=q
:
If m > 0; then the inner sum over n is majorized by
sup
n2N0
2am	mnom	mðCðIÞ; f ; 2	nÞ
X1
n¼0
ð2amnomðXpðIÞ; g; 2	nÞÞq
 !1=q
¼ jf jnBam	m1;1 ðIÞjgj
n
B
am
p;qðIÞ
4Cjjf jjBa1;qðIÞjjgjjBap;qðIÞ;
where we have used the embeddings of Lemma 2.1(ii).
If m ¼ 0; then am ¼ a and we estimate the q-norm by
X1
n¼0
ð2anomðCðIÞ; f ; 2	nÞjjgjjXpðIÞÞ
q
 !1=q
¼ jf jnBa1;qðIÞjjgjjXpðIÞ:
BITTNER AND GRO¨CHENIG80Altogether we have shown that jjfgjjBap;qðIÞ4Cjjf jjBa1;qðIÞjjgjjBap;qðIÞ: The proof for
p ¼ 1 is similar.
(ii) We will show by induction on m that
1
f




Ba;m1;qðIÞ
4
C0m
k2m
jjf jj2
m	1
Ba;m1;qðIÞ
: ð6Þ
If m ¼ 1 and a51; then the identity
Dh
1
f
 
ðxÞ ¼ 	
Dhf ðxÞ
f ðxÞf ðxþ hÞ
implies that jj1f jjBa;11;qðIÞ4
1
k2jjf jjBa;11;qðIÞ: For, m > 1; we obtain by (4) that
Dmh
1
f
 
ðxÞ ¼ Dm	1h Dh
1
f
  
ðxÞ ¼
Xm	1
m¼0
m	 1
m
 !
Dm	mh f ðxþ mhÞD
m
hgðxÞ;
where gðxÞ ¼ 	 1f ðxÞ
1
f ðxþhÞ: As in (i), we conclude that
1
f




Ba;m1;qðIÞ
4Cmjjf jjBa;m1;qðIÞjjgjjBa	1;m	11;q ð½a;b	hÞ
4C00mjjf jjBa;m1;qðIÞ
1
f




2
Ba	1;m	11;q ðIÞ
;
where I ¼ ½a; b: By induction hypothesis and Lemma 2.1 we obtain (6). ]
Furthermore, we will need the following lemma to combine local estimates.
Lemma 2.3. Let Ij; j ¼ 1; . . . ; n; be a collection of finite intervals, I ¼Sn
j¼1 Ij; and assume that every x 2 I belongs to the interior of at most ‘
intervals Ij: Then there exists a constant Cm independent of Ij; ‘;p and f such
that for m 2 N
Xn
j¼1
omðLpðIjÞ; f ; dÞ
p4Cpm‘o
mðLpðIÞ; f ; dÞp; 14p51;
sup
j¼1;...;n
omðCðIjÞ; f ; dÞ4Cm‘omðCðIÞ; f ; dÞ:
Proof. This follows from the equivalence of averaged moduli of
smoothness with ordinary moduli of smoothness and a simple estimate
for averaged moduli of smoothness [14, Chap. 12, p. 373, inequalities (5.16)
and (5.17)]. ]
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In the following, we will consider biorthogonal local trigonometric bases
in the two-overlapping setting of Chui and Shi [6, 7]. We brieﬂy recall the
construction of these bases.
Assume that a partition of R is given by an increasing sequence ðajÞj2Z
such that limj!1 aj ¼ 1 and hj :¼ ajþ1 	 aj > 0: Given a sequence of
‘‘overlap widths’’ Ej > 0; j 2 Z; we set aþj :¼ aj þ Ej and a
	
j :¼ aj 	 Ej: We will
assume throughout that Ej þ Ejþ14hj: Then the intervals ða	j ; a
þ
j Þ; j 2 Z; are
pairwise disjoint. Next, we choose a sequence of window functions wj :R!
C associated to the partition fajg and assume that
supp wj  ½a	j ; a
þ
jþ1: ð7Þ
Then supp wj \ supp wr has measure zero if jj	 rj > 1; this is the so-called
two-overlapping setting.
Deﬁne the trigonometric system Cjk and the cosine wavelets cjk by
CjkðxÞ :¼
ﬃﬃﬃﬃ
2
hj
s
cos ð2k þ 1Þ
x	 aj
2hj
p
 
and
cjkðxÞ :¼ wjðxÞCjkðxÞ; j 2 Z; k 2 N0: ð8Þ
Then fCjk : k 2 N0g forms an orthonormal basis of L2ð½aj; ajþ1Þ for each
j 2 Z; and for a suitable choice of windows fwjg the set fcjk : j 2 Z; k 2 N0g
is a Riesz basis for L2ðRÞ: The trigonometric functions Cjk in deﬁnition (8)
can be also replaced by
SjkðxÞ :¼
ﬃﬃﬃﬃ
2
hj
s
sin ð2k þ 1Þ
x	 aj
2hj
p
 
; k 2 N0
or by
DjkðxÞ :¼
ﬃﬃﬃ
1
hj
q
; if k ¼ 0; j even;ﬃﬃﬃ
2
hj
q
cos ðkpx	ajhj Þ k ¼ 1; 2; . . . ; j even;ﬃﬃﬃ
2
hj
q
sinðkpx	ajhj Þ k ¼ 1; 2; . . . ; j odd
8>><
>>>:
as well as suitable mixtures of them (cf. [1,3,6]). The results in this paper
hold for all types of local trigonometric bases, but for simplicity and
BITTNER AND GRO¨CHENIG82convenience we shall state and prove them only for local cosine bases. The
simple modiﬁcations are left to the reader.
The properties of fcjkg are best investigated by means of the function-
valued matrices
M jðxÞ :¼ M j;wðxÞ :¼
wjðxÞ 	wj	1ðxÞ
wjð2aj 	 xÞ wj	1ð2aj 	 xÞ
 !
(cf. [6, 7]) and by the associated total unfolding operator Uw (cf. [3, 22])
deﬁned by
Uwf ðxÞ :¼ wjðxÞ f ðxÞ; x 2 ½aþj ; a
	
jþ1; j 2 Z;
Uwf ðxÞ
Uwf ð2aj 	 xÞ
 !
:¼ M jðxÞ
f ðxÞ
f ð2aj 	 xÞ
 !
; x 2 ðaj; aþj Þ; j 2 Z;
Uwf ðajÞ :¼wjðajÞf ðajÞ; j 2 Z:
This deﬁnition determines Uwf ðxÞ uniquely for every x 2 R and we have
Uwðw½aj;ajþ1ÞCjkÞ ¼ cjk :
Since Uw maps the orthonormal basis fw½aj;ajþ1Cjkg of L
2ðRÞ onto fcjkg; the
set cjk forms a Riesz basis of L
2ðRÞ if and only if the unfolding operator Uw
is bounded and invertible on L2ðRÞ (cf. [3, Theorem 9.6]).
The Riesz bounds of fcjk : j 2 Z; k 2 N0g are jjU
	1
w jj
	2
L2!L2 and jjUwjj
2
L2!L2 :
They can be calculated precisely in terms of the window functions wj and the
matrices MjðxÞ (see [6, Theorem 3]). We will use the following fact: if fcjkg is
a Riesz basis for L2ðRÞ; then supj2Z jjwjjj151:
Using the biorthogonality condition
djrdk‘ ¼ hcjk ; *cr‘i ¼ hUwðw½aj;ajþ1ÞCjkÞ;
*cr‘i ¼ hw½aj;ajþ1Cjk ;U
$
w
*cr‘i;
we ﬁnd that the dual basis is given by the functions
*cjk ¼ ðU
$
w Þ
	1ðw½aj;ajþ1CjkÞ ¼ *wj Cjk :
APPROXIMATION THEORMS FOR LOCAL TRIGNOMETRIC BASES 83The explicit form of the dual window functions *wj (see [6, Theorem 2]) is
*wjðxÞ ¼
1
wjðxÞ
if x 2 ½aþj ; a
	
jþ1;
wj	1ð2aj	xÞ
det M jðxÞ
if x 2 ða	j ; a
þ
j Þ;
wjþ1ð2ajþ1	xÞ
det M jþ1ðxÞ
if x 2 ða	jþ1; a
þ
jþ1Þ;
0 otherwise:
8>>>><
>>>>:
ð9Þ
Consequently, the inverse unfolding operator is U	1w ¼ U
$
*w and we obtain
that
U	1w f ðxÞ ¼
1
wjðxÞ
f ðxÞ ¼ *wjðxÞf ðxÞ; x 2 ½aþj ; a
	
jþ1;
U	1w f ðxÞ
U	1w f ð2aj 	 xÞ
 !
¼M	1j;wðxÞ
f ðxÞ
f ð2aj 	 xÞ
 !
¼M$j; *wðxÞ
f ðxÞ
f ð2aj 	 xÞ
 !
; x 2 ðaj; aþj Þ;
U	1w f ðajÞ ¼
1
wjðajÞ
f ðajÞ ¼ *wjðajÞf ðajÞ; j 2 Z:
Since the dual basis of a Riesz basis is a Riesz basis, we deduce the following
fact.
Lemma 3.1. If fcjkg is a Riesz basis for L
2ðRÞ; then
inf
j2Z
jj *wjjj
	1
CðRÞ5kw > 0 and infj2Z
inf
x2½a	j ;a
þ
j 
det M jðxÞ5kw > 0
for some constant kw > 0:
For the characterization of the local smoothness of functions by means of
local trigonometric bases it is important to understand how the smoothness
of the wj’s is related to the smoothness of the dual windows *wj:
Theorem 3.1. Assume that the collection fcjkg is a Riesz basis for L
2ðRÞ: Let
j 2 Z; a > 0; and 14q41: If jjwr jjBa1;qðRÞ4K; r 2 fj	 1; j; jþ 1g; then
jj *wjjjBa1;qðRÞ4
*K ; where *K depends only on K, a and the constant kw of Lemma 3.1.
In particular, if supj2Z jjwjjjBa1;qðRÞ4K; then supj2Z jj *wjjjBa1;qðRÞ4
*K :
BITTNER AND GRO¨CHENIG84Proof. Since the windows are continuous, Lemma 3.1 implies that there
is a d0 > 0 such that det MrðxÞ5kw2 for x 2 ½a
	
r 	 d0; a
þ
r þ d0; r 2 fj; jþ 1g:
Thus, by Lemma 2.2(i) and (ii) we conclude that the functions
v1ðxÞ :¼
wj	1ð2aj 	 xÞ
det M jðxÞ
and v2ðxÞ :¼
wjþ1ð2ajþ1 	 xÞ
det M jþ1ðxÞ
; x 2 R
are contained in Ba1;qð½a
	
j 	 d0; a
þ
j þ d0Þ and B
a
1;qð½a
	
jþ1 	 d0; a
þ
jþ1 þ d0Þ;
respectively, with norms bounded by a constant depending only on K; a and
kw: Note that support condition (7) and deﬁnition (9) imply that
v1ðxÞ ¼
0 if x 2 ½a	j 	 d0; a
	
j ;
1
wjðxÞ
if x 2 ½aþj ; a
þ
j þ d0;
8><
>:
v2ðxÞ ¼
1
wjðxÞ
if x 2 ½a	jþ1 	 d0; a
	
jþ1;
0 if x 2 ½aþjþ1; a
þ
jþ1 þ d0:
8><
>:
Furthermore, from Lemma 3.1 and (6) we know that for d0 sufﬁciently small
jj 1wjjjBa1;qð½aþj 	d0;a	jþ1þd0Þ is also bounded by a constant which depends only on K;
a and kw: If a	jþ1 > a
þ
j Lemma 2.3 implies
jj *wjjjBa1;qðRÞ4jjv1jjBa1;qð½a	j 	d0;aþj þd0Þ þ jjv2jjBa1;qð½a	jþ1	d0;aþjþ1þd0Þ
þ
1
wj




Ba1;qð½a
þ
j ;a
	
jþ1Þ
4 *K :
If a	jþ1 ¼ a
þ
j ; we use that for x 2 ½a
þ
j 	 d0; a
þ
j þ d0
*wjðxÞ ¼ v3ðxÞ :¼ v1ðxÞ þ v2ðxÞ 	
1
wjðxÞ
; x 2 ½aþj 	 d0; a
þ
j þ d0:
Again by Lemma 2.3, we obtain
jj *wjjjBa1;qðRÞ4jjv1jjBa1;qð½a	j 	d0;aþj Þ þ jjv2jjBa1;qð½aþj ;aþjþ1þd0Þ
þ jjv3jjBa1;qð½aþj 	d0;aþj þd0Þ
4 *K ;
and the theorem is proved. ]
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Next, we want to investigate the local approximation quality of a smooth
function by a ﬁnite subset of the local trigonometric basis fcjkg: Since
cjk ¼ Uwðw½aj;ajþ1ÞCjkÞ; we have an error estimate of the form
f 	
X
r;k
ark crk




Xpð½aj;ajþ1Þ
4jjUwjj U	1w f 	
X
j;k
ajkw½aj;ajþ1ÞCjk




XpðRÞ
:
In other words, the error of the local approximation of f by a ﬁnite linear
combination of elements from fcjkg can be described by the error of the
approximation of U	1w f by certain trigonometric polynomials in ½aj; ajþ1:
This situation is familiar from the classical theorems of Jackson and
Bernstein which characterize the smoothness of the approximated function
by the order of approximation with trigonometric polynomials. Usually, the
function U	1w f ¼ U
$
*w f has discontinuities at the knots aj and so these
results are not applicable directly, but U	1w f jðaj;ajþ1Þ has a smooth periodic
extension, which we will study ﬁrst.
Definition 4.1. For f 2 Xpð½a	j ; a
þ
jþ1Þ (or f 2 X
pðRÞ), the operator Fj
is deﬁned by
Fjf ðxÞ :¼
X
r2Z
ð	1Þr *wj aj þ 2hjr þ
2hj
p
x
 
f aj þ 2hjr þ
2hj
p
x
  
þ *wj aj þ 2hjr 	
2hj
p
x
 
f aj þ 2hjr 	
2hj
p
x
 !
;
where the windows *wj are given by (9).
Since *wj has compact support, the sum in (10) is locally ﬁnite and deﬁnes
a 2p-periodic function. If f ðxÞ ¼ 0 for x 2 ½a	j ; a
þ
jþ1; then Fjf  0 by the
support properties of *wj: Thus, Fj acts only on functions with support in
½a	j ; a
þ
jþ1: Furthermore, for x 2 ðaj; ajþ1Þ we have
Fjf p
x	 aj
2hj
 
¼U	1w f ðxÞ
¼ *wjðxÞf ðxÞ þ *wjð2aj 	 xÞf ð2aj 	 xÞ
	 *wjð2ajþ1 	 xÞf ð2ajþ1 	 xÞ; ð11Þ
where the second and the third term occur only when x 2 ðaj; aþj Þ and x 2
ða	jþ1; ajþ1Þ; respectively. The technical properties of Fj are listed in the
following lemma.
BITTNER AND GRO¨CHENIG86Lemma 4.1. If fcjk ¼ wj Cjk : j 2 Z; k 2 N0g is a Riesz basis for L
2ðRÞ
consisting of continuous functions, then each Fj has the following properties:
ðaÞ Parity: Fjf ðxÞ ¼Fjf ð	xÞ ¼ 	Fjf ðp	 xÞ:
ðbÞ Boundedness: Fj is bounded from Xpð½a	j ; a
þ
jþ1Þ (or from X
pðRÞ) into
Xp2p; 14p41 and the operator norm can be estimated by
jjFjjjXpð½a	j ;aþjþ1Þ!X
p
2p
42
p
hj
 1=p
jj *wjjjCðRÞ:
ðcÞ Smoothness: Let f 2 Xpð½a	j 	 g; a
þ
jþ1 þ gÞ for some small 05g4ejþ1: If
2hj
p d4
g
m; then the mth order modulus of smoothness can be estimated by
omðXp2p;Fjf ; dÞ43
2p
hj
 1=pXm
m¼0
m
m
 !
om	m CðRÞ; *wj;
2hj
p
d
 
 om Xpð½a	j 	 g; a
þ
jþ1 þ gÞ; f ;
2hj
p
d
 
:
ðdÞ Reconstruction formula: A function f 2 XpðRÞ; 14p41 can be
reconstructed from the Fjf ; j 2 Z; by
f ðxÞ ¼
X
j2Z
wjðxÞFjf p
x	 aj
2hj
 
: ð12Þ
ðeÞ The image of crk ¼ wrCrk is
Fjcrk ¼ djr
ﬃﬃﬃﬃ
2
hj
s
cosðð2k þ 1ÞÞ; j; r 2 Z; k 2 N0:
Proof. Property (a) follows easily from the deﬁnition.
(b) The parity properties imply that Fjf is completely determined by its
values on ½0; p
2
: Therefore, we obtain for 14p51 that
jjFjf jj
p
Lp
2p
¼ 4
Z p=2
0
jFjf ðxÞjp dx ¼
2p
hj
Z ajþ1
aj
Fjf p
x	 aj
2hj
 

p
dx
¼
2p
hj
Z aþj
aj
*wjðxÞf ðxÞ þ *wjð2aj 	 xÞf ð2aj 	 xÞ
 p dx
 
þ
Z a	jþ1
aþj
*wjðxÞf ðxÞ
 p dxþ Z ajþ1
a	jþ1
j *wjðxÞf ðxÞ
	 *wjð2ajþ1 	 xÞf ð2ajþ1 	 xÞjp dx
!
:
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jjFjf jj
p
Lp
2p
42p
p
hj
Z aþjþ1
a	j
j *wjðxÞf ðxÞj
p dx
and, consequently,
jjFjf jj
p
Lp
2p
42p
p
hj
jj *wjjj
p
CðRÞ jjf jj
p
Lp ½a	j ;a
þ
jþ1
:
If p ¼ 1 and f 2 CðRÞ; then the continuity of *wj assures that Fjf is 2p-
periodic and continuous. Using the two-overlapping property again, we
obtain
jjFjf jjC2p ¼ sup
x2½aj;ajþ1
Fjf p
x	 aj
2hj
 
42jj *wjjjCðRÞjjf jjCð½a	j ;aþjþ1Þ:
(c) Note that, for given a > 0; Dmh ðf ðaÞÞðxÞ ¼ ðD
m
ahf ÞðaxÞ: Writing Z ¼
2hj
p h;
the mth order difference of Fjf is given by
DmhFjf ðxÞ ¼
X
r2Z
ð	1Þr DmZ ð *wjf Þ aj þ 2hjr þ
2hj
p
x
 
þ DmZ ð *wjf Þ aj þ 2hjr 	
2hj
p
x
 
:
Hence, Dmh ðFjf Þ is 2p-periodic and satisﬁes the same parity conditions as
Fjf : If Z4
g
m and x 2 ½aj; ajþ1; then xþ mZ 2 ½a
	
j ; a
þ
jþ1 and by (11) we
conclude
DmhFjf p
x	 aj
2hj
 
¼DmZ ðf *wjÞðxÞ þ D
m
Z ðf *wjÞð2aj 	 xÞ
	 DmZ ðf *wjÞð2ajþ1 	 xÞ:
Hence, for
2hj
p d4
g
m
omðXp2p;Fjf ; dÞ
¼ sup
h2ð0;ð2hj=pÞd
2p
hj
Z ajþ1
aj
Dmh ðf *wjÞðxÞ þ D
m
h ðf *wjÞð2aj 	 xÞ
 
	 Dmh ðf *wjÞð2ajþ1 	 xÞj
p dx
!1=p
43
2p
hj
 1=p
sup
h2ð0;ð2hj=pÞd
jjDmh ðf *wjÞjjXpð½a	j 	mh;aþjþ1Þ
43
2p
hj
 1=p
om Xpð½a	j 	 g; a
þ
jþ1 þ gÞ; f *wj;
2hj
p
d
 
: ð13Þ
BITTNER AND GRO¨CHENIG88Inequality (13) follows from the triangle inequality, the substitutions x !
2aj 	 x and x ! 2ajþ1 	 x in the second and third integral, and the support
condition supp Dmh ðf *wjÞ 
 ½a
	
j 	 mh; a
þ
jþ1: The desired estimate now follows
from (5).
Note that Dmh ðf *wjÞ in (13) does not depend on values of f outside the
interval ½a	j ; a
þ
jþ1 because supp f *wj 
 ½a
	
j ; a
þ
jþ1:
(d) For x 2 ½aþr ; a
	
rþ1; r 2 Z; the identity
X
j2Z
wjðxÞFjf p
x	 aj
2hj
 
¼ wrFrf ðxÞ ¼ wrðxÞ *wrðxÞf ðxÞ ¼ f ðxÞ
follows directly from the deﬁnition of Ffj and the deﬁnition of the dual
window (9). If x 2 ½a	r ; a
þ
r ; r 2 Z; we obtain by (9)
X
j2Z
wjðxÞFjf p
x	 aj
2hj
 
¼ wrðxÞð *wrðxÞf ðxÞ þ *wrð2ar 	 xÞf ð2ar 	 xÞÞ
þ wr	1ðxÞð *wr	1ðxÞf ðxÞ 	 *wr	1ð2ar 	 xÞf ð2ar 	 xÞÞ
¼ f ðxÞ wrðxÞ
wr	1ð2ar 	 xÞ
det MrðxÞ
þ wr	1ðxÞ
wrð2ar 	 xÞ
det MrðxÞ
 
þ f ð2ar 	 xÞ wrðxÞ
wr	1ðxÞ
det Mrð2ar 	 xÞ
	 wr	1ðxÞ
wrðxÞ
det Mrð2ar 	 xÞ
 
¼ f ðxÞ:
Since r 2 Z was arbitrary, (12) holds for all x 2 R:
(e) Using CjkðxÞ ¼ Cjkð2aj 	 xÞ ¼ 	Cjkð2ajþ1 	 xÞ; we obtain
4
p
Z p=2
0
FjcrkðxÞ cosðð2‘ þ 1ÞxÞ dx
¼
ﬃﬃﬃﬃ
2
hj
s Z ajþ1
aj
ðcrkðxÞ *wjðxÞ þ crkðxÞ *wjð2aj 	 xÞ
	 crkðxÞ *wjð2ajþ1 	 xÞÞCjkðxÞ dx
¼
ﬃﬃﬃﬃ
2
hj
s Z aþjþ1
a	j
crkðxÞ *cj‘ðxÞ dx ¼
ﬃﬃﬃﬃ
2
hj
s
hcrk ; *cj‘i ¼
ﬃﬃﬃﬃ
2
hj
s
djrdk‘:
Since f 2 ﬃﬃ
p
p cosðð2‘ þ 1ÞÞg is an orthonormal basis for L2ð½0; p
2
Þ; assertion (e)
follows immediately. ]
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trigonometric series Fjf describes the local behavior of f on the interval
½aj; ajþ1: The approximation properties of Fjf will therefore be related to
the smoothness of f on ½aj; ajþ1: Therefore, (12) provides the precise
technical tool to investigate the local smoothness of f in terms of local
trigonometric bases.
We are now ready to consider the approximation of smooth functions by
elements of the ﬁnite-dimensional space Cnrs deﬁned as in (2) by Cnrs :¼
fg ¼
Ps
j¼r
Pnj	1
k¼0 ajkcjk : ajk 2 Cg; where nj :¼ d
2nhj
p e: We consider the best X
p-
approximation
ECn ðX
pðIÞ; f Þ :¼ inf
g2Cn;	1;1
jjf 	 gjjXpðIÞ ¼ inf
g2Cnrs
jjf 	 gjjXpðIÞ
on the interval I  ½aþr ; a
	
sþ1; 	14r4s41: Note that every g 2 Cnrs has
its support in ½a	r ; a
þ
sþ1 and that gj½aþj ;a	jþ1 is a windowed trigonometric
polynomial of degree 2nj: Therefore, it is natural to connect the
approximation by Cnrs with the approximation of periodic functions by
trigonometric polynomials. Denote the space of 2p-periodic trigonometric
polynomials of degree at most n by
Tn :¼ P ¼
Xn
k¼	n
ckeik : ck 2 C
( )
and deﬁne the subspace T 01n  T2n by
T 01n :¼ P ¼
Xn	1
k¼0
ck cosðð2k þ 1ÞÞ : ck 2 C
( )
¼ fP 2 T2n : P ðxÞ ¼ P ð	xÞ ¼ 	P ðp	 xÞg:
We consider the best approximation
EnðX
p
2p; f Þ :¼ infP2Tn
jjf 	 P jjXp
2p
and E01n ðX
p
2p; f Þ :¼ inf
P2T 01n
jjf 	 P jjXp
2p
of a function f 2 Xp2p by a polynomial from Tn and T
01
n ; respectively.
Lemma 4.2. If f 2 C2p satisfies the parity conditions f ðxÞ ¼ f ð	xÞ ¼
	f ðp	 xÞ; then E2nðX
p
2p; f Þ ¼ E
01
n ðX
p
2p; f Þ:
Proof. Deﬁne the reﬂection operators about 0 and p=2 to be R0f ðxÞ ¼
f ð	xÞ and R1f ðxÞ ¼ 	f ðp	 xÞ: Then jjR0f jjXp
2p
¼ jjR1f jjXp
2p
¼ jjf jjXp
2p
:
BITTNER AND GRO¨CHENIG90Now assume that f ¼ R0f ¼ R1f : Let P 2 T2n be the unique polynomial of
best approximation, i.e., jjf 	 P jjXp
2p
¼ E2nðX
p
2p; f Þ (cf. [5, Sect. 2.1.]). Then
jjf 	 RjP jjXp
2p
¼ jjRjf 	 RjP jjXp
2p
¼ jjf 	 P jjXp
2p
¼ E2nðX
p
2p; f Þ
for j ¼ 1; 2: Since P is unique, we obtain that P ¼ R0P ¼ R1P or P 2 T 01n :
Consequently, E01n ðX
p
2p; f Þ ¼ jjf 	 P jjXp2p ¼ E2nðX
p
2p; f Þ: ]
The combination of Lemmas 4.1 and 4.2 allows us to apply the classical
theorems of Jackson and Timan to the problem of approximating functions
by Cnrs:
Theorem 4.1. (A Jackson-type inequality). Assume that the set fcjk ¼
wj Cjk : j 2 Z; k 2 N0g is a Riesz basis for L2ðRÞ with continuous windows wj
and that r; s 2 Z; r5s: Then, the best approximation of f 2 Xpð½a	r 	 g;
aþs þ gÞ with respect to Cnrs; for 14p41; and
m
2n4g4ej; can be estimated by
ECn ðX
pð½aþr ; a
	
sþ1Þ; f Þ4Km sup
j¼r;...;s
jjwjjjCðRÞ

Xm
m¼0
sup
j¼r;...;s
om	m CðRÞ; *wj;
1
2n
  
om Xpð½a	r 	 g; a
þ
sþ1 þ gÞ; f ;
1
2n
 
: ð14Þ
The constant Km depends only on m.
Proof.
Step 1: Construction of a good approximation of f in Cnrs: Let Pj ¼ﬃﬃﬃ
2
hj
q Pnj	1
k¼0 ajk cosðð2k þ 1ÞÞ 2 T
01
nj be the polynomial of best approximation
forFjf ; j ¼ r; . . . ; s; and let Fj be the scaled error of approximation deﬁned
to be
FjðxÞ ¼Fjf p
x	 aj
2hj
 
	
Xnj	1
k¼0
ajkCjkðxÞ:
By deﬁnition of Pj and Fj; we obtain
E01nj ðX
p
2p;Fjf Þ ¼ jjFjf 	 PjjjXp2p ¼
2p
hj
 1=p
jjFjjjXpð½aj;ajþ1Þ: ð15Þ
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g0 ¼
Xs
j¼r
Xnj	1
k¼0
ajkcjk 2 Cnrs ð16Þ
as the appropriate approximation of f : Since
ECn ðX
pð½aþr ; a
	
sþ1Þ; f Þ4jjf 	 g0jjXpð½aþr ;a	sþ1Þ;
it sufﬁces to further estimate the error jjf 	 g0jj:
Step 2: Pointwise and Lp-estimates of f 	 g0: Using Lemma 4.1(d)
and the condition suppwj 
 ða	j ; a
þ
jþ1Þ; we express the pointwise error
f ðxÞ 	 g0ðxÞ as
f ðxÞ 	 g0ðxÞ ¼
Xs
j¼r
wjðxÞw½a	j ;aþjþ1ðxÞ Fjf p
x	 aj
2hj
 
	
Xnj	1
k¼0
ajkCjkðxÞ
 !
¼
Xs
j¼r
wjðxÞw½a	j ;aþjþ1ðxÞFjðxÞ: ð17Þ
If 15p51; we apply H .older’s inequality with 1p þ
1
q ¼ 1 to the right-hand
side of (17) and obtain
jf ðxÞ 	 g0ðxÞj4
Xs
j¼r
jwjðxÞj
q
 !1=q Xs
j¼r
w½a	j ;aþjþ1ðxÞjFjðxÞj
p
 !1=p
: ð18Þ
Since the windows wj satisfy the two-overlapping condition, the term in (18)
that contains only the wj’s can be estimated uniformly by
Xs
j¼r
jwjðxÞjq
 !1=q
4 sup
j2Z
ðjjwjjj
q
CðRÞ þ jjwjþ1jj
q
CðRÞÞ
1=q421=q sup
j2Z
jjwjjjCðRÞ:
The cases p ¼ 1 and 1 are similar.
Taking the Xp-norm leads to
jjf 	 g0jjXpð½aþr ;a	sþ1Þ42
1=q sup
j2Z
jjwjjjCðRÞ
Xs
j¼r
jjFjjj
p
Xpð½a	j ;a
þ
jþ1Þ
 !1=p
:
Since Fj possesses the same parity properties as the Cjk’s by Lemma 4.1, we
obtain jjFjjj
p
Xpð½a	j ;a
þ
jþ1Þ
42jjFjjj
p
Xpð½aj;ajþ1Þ
; and combining with (15) we obtain
BITTNER AND GRO¨CHENIG92the estimate
jjf 	 g0jjXpð½aþr ;a	sþ1Þ42
1þ1=q sup
j2Z
jjwjjjCðRÞ
Xs
j¼r
hj
2p
E01nj ðX
p
2p;Fjf Þ
p
 !1=p
: ð19Þ
Step 3: Application of Jackson’s inequality. Now Jackson’s Theorem [5,
Theorem 2.2.1] applies to the periodic functionsFjf and yields the estimate
E01nj ðX
p
2p;Fjf Þ4Cm o
mðXp2p;Fjf ; ð2njÞ
	1Þ4Cm om X
p
2p;Fjf ;
p
4hjn
 
;
where we have used once more the deﬁnition nj ¼ d
2nhj
p e:
Step 4: Combination of all estimates. Next, we substitute the estimates for
the modulus of smoothness ofFjf from Lemma 4.1(c) into (19) and use the
triangle inequality to arrive at
jjf 	 g0jjXpð½aþr ;a	sþ1Þ4Cm  3  2 supj¼r;...;s
jjwjjjCðRÞ

Xm
m¼0
m
m
 ! Xs
j¼r
om	m CðRÞ; *wj;
1
2n
 p 
 om Xpð½a	j 	 g; a
þ
jþ1 þ gÞ; f ;
1
2n
 p!1=p
:
Note that the factors
2hj
p have canceled everywhere so that the increment in
om is always 1
2n independent of j: This is the very reason to introduce the
local degree of approximation nj:
To achieve the ﬁnal estimate, we apply Lemma 2.3 and obtain
Xs
j¼r
om	m CðRÞ; *wj;
1
2n
 p
om Xpð½a	j 	 g; a
þ
jþ1 þ gÞ; f ;
1
2n
 p !1=p
4 sup
j¼r;...;s
om	m CðRÞ; *wj;
1
2n
 

Xs
j¼r
om Xpð½a	j 	 g; a
þ
jþ1 þ gÞ; f ;
1
2n
 p !1=p
4Cm sup
j¼r;...;s
om	m CðRÞ; *wj;
1
2n
 
om Xpð½a	r 	 g; a
þ
sþ1 þ gÞ; f ;
1
2n
 
and the main estimate (14) is proved completely. ]
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Jackson-type inequality of the form
ECn ðX
pðRÞ; f Þ4Km sup
j2Z
jjwjjjCðRÞ
Xm
m¼0
sup
j2Z
om	m CðRÞ; *wj;
1
2n
  
om XpðRÞ; f ;
1
2n
 
: ð20Þ
Here Cn;	1;1 consists of functions g ¼
P
j2Zð
Pnj
k¼0 ajkCjkÞwj: Since the
sum over j is locally ﬁnite and g is essentially a trigonometric polynomial of
degree 2nj on ½aj; ajþ1; there are no convergence problems in the
approximation by Cn;	1;1:
For (20) to make sense, we clearly need a uniform estimate for the
smoothness of the dual windows. See Theorem 6.2.
5. AN INVERSE APPROXIMATION THEOREM
Next, we prove an inverse inequality for the approximation by functions
in the subspace spanned by Cnrs:
For the estimate of the mth order modulus of smoothness of a periodic
function f 2 Xp2p; we use Timan’s inequality [27, Sect. 6.1.1]
om Xp2p; f ;
1
n
 
4
cm
nm
Xn
n¼0
ðnþ 1Þm	1EnðX
p
2p; f Þ: ð21Þ
Because of the monotonicity of EnðX
p
2p; f Þ; (21) implies immediately the
following modiﬁcation:
om Xp2p; f ;
1
‘n
 
4
cm
ð‘nÞm
Xn
n¼0
X‘	1
l¼0
ðn‘ þ lþ 1Þm	1En‘þlðX
p
2p; f Þ
4
cm
nm
Xn
n¼0
ðnþ 1Þm	1En‘ðX
p
2p; f Þ: ð22Þ
Theorem 5.1. Assume that the set fcjk ¼ wj Cjk : j 2 Z; k 2 N0g is a
Riesz basis for L2ðRÞ so that
05hmin4hj; j 2 Z: ð23Þ
BITTNER AND GRO¨CHENIG94Then, the mth order modulus of smoothness of f 2 Xpð½a	r ; a
þ
sþ1Þ for 	14r
4s41 can be estimated by
om Xpð½aþr ; a
	
sþ1Þ; f ;
1
yn
 
4 Lm
 sup
j¼r;...;s
jj *wjjjCðRÞ
Xm
m¼0
sup
j¼r;...;s
om	m CðRÞ;wj;
1
yn
  

1
nm
Xn
n¼0
ðnþ 1Þm	1ECn ðX
pð½a	r ; a
þ
sþ1Þ; f Þ
!
; ð24Þ
where y :¼ p
2hmin
þ 1 and Lm is a constant depending only on m.
Proof.
Step 1: We ﬁrst relate the best approximation of f by Cnrs to the best
approximation of the Fjf ’s by trigonometric polynomials. Again, we only
deal with 14p51 and leave the modiﬁcations for p ¼ 1 to the reader.
Since Cn;j	1;jþ2 is a ﬁnite-dimensional subspace for each j 2 Z; there exists
a function gj 2 Cn;j	1;jþ2 such that
jjf 	 gjjjXpð½a	j ;aþjþ1Þ ¼ infg2Cn;j	1;jþ2
jjf 	 gjjXpð½a	j ;aþjþ1Þ
¼ECn ðX
pð½a	j ; a
þ
jþ1; f Þ:
Now Lemma 4.1(b) implies that
jjFjf 	FjgjjjXp
2p
42
p
hj
 1=p
jj *wjjjCðRÞjjf 	 gjjjXpð½a	j ;aþjþ1Þ
42
p
hj
 1=p
sup
m¼r;...;s
jj *wmjjCðRÞE
C
n ðX
pð½a	j ; a
þ
jþ1; f Þ:
As a consequence of the two-overlapping condition, we have
Xs
j¼r
ECn ðX
pð½a	j ; a
þ
jþ1Þ; f Þ
p4 inf
g2Cn;	1;1
Xs
j¼r
jjf 	 gjjpXpð½a	j ;aþjþ1Þ
42ECn ðX
pð½a	r ; a
þ
sþ1Þ; f Þ
p:
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2hj
p e; then n‘j5nj and thusXs
j¼r
hj
p
En‘jðX
p
2p;Fjf Þ
p4
Xs
j¼r
hj
p
EnjðX
p
2p;Fjf Þ
p
4
Xs
j¼r
hj
p
jjFjf 	Fjgjjj
p
Xp
2p
42pþ1 sup
j¼r;...;s
jj *wjjj
p
CðRÞE
C
n ðX
pð½a	r ; a
þ
sþ1Þ; f Þ
p: ð25Þ
Step 2: Application of Timan’s inequality (22). Since ‘j ¼ d
2hj
p e
42hjp ð1þ
p
2hmin
Þ ¼ 2hjyp ; we have for m > 0Xs
j¼r
hj
p
om Xp2p;Fjf ;
p
2hjyn
 p
4
Xs
j¼r
hj
p
om Xp2p;Fjf ;
1
n‘j
 p
4
cpm
nmp
Xs
j¼r
hj
p
Xn
n¼0
ðnþ 1Þm	1En‘j ðX
p
2p;Fjf Þ
 !p
: ð26Þ
By triangle inequality and (25), we obtain
Xs
j¼r
hj
p
om Xp2p;Fjf ;
p
2hjyn
 p !1=p
4
cm
nm
Xn
n¼0
ðnþ 1Þm	1
Xs
j¼r
hj
p
En‘jðX
p
2p;Fjf Þ
p
 !1=p
42ðpþ1Þ=p
cm
nm
sup
j¼r;...;s
jj *wjjjCðRÞ
Xn
n¼0
ðnþ 1Þm	1ECn ðX
pð½a	r ; a
þ
sþ1Þ; f Þ: ð27Þ
Step 3: Estimate of the modulus of smoothness. Applying Lemma 4.1(d)
and (5), we obtain that
om Xpð½aþj ; a
	
jþ2Þ; f ;
1
yn
 
¼ om Xpð½aþj ; a
	
jþ2Þ;
Xjþ1
i¼j
wiFif p
 	 ai
2hi
 
;
1
yn
 !
4
Xjþ1
i¼j
om Xpð½a	i ; a
þ
iþ1Þ;wiFif p
 	 ai
2hi
 
;
1
yn
 
ð28Þ
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Xjþ1
i¼j
hi
p
 1=p Xm
m¼0
m
m
 !
om	m CðRÞ;wi;
1
yn
  
om Xp2p;Fif ;
p
2hiyn
 !
:
Using ðaþ bÞp42p	1ðap þ bpÞ and (28), we conclude that
om Xpð½aþr ; a
	
sþ1Þ; f ;
1
yn
 p
4
Xs	1
j¼r
om Xpð½aþj ; a
	
jþ2Þ; f ;
1
yn
 p
4 2p
Xs
j¼r
hi
p
Xm
m¼0
m
m
 !
om	m CðRÞ;wi;
1
yn
  
om Xp2p;Fif ;
p
2hiyn
 !p
:
Applying the triangle inequality to the last expression, we obtain
om Xpð½aþr ; a
	
sþ1Þ; f ;
1
yn
 
42
Xm
m¼0
m
m
 ! Xs
j¼r
om	m CðRÞ;wj;
1
yn
 p hj
p
 
 om Xp2p;Fjf ;
p
2hjyn
 p1=p
: ð29Þ
Now, the desired inverse inequality (24) follows by substituting (27) into
(29). ]
Remark 5.1. Note that the term
Xn
n¼0
ðnþ 1Þ	1 ECn ðX
pð½a	r ; a
þ
sþ1Þ; f Þ
corresponding to m ¼ 0 can be replaced by jjf jjXpð½a	r ;aþsþ1Þ because we have
o0ðXp2p;Fjf ; dÞ ¼ jjFprjf jjXp2p in inequality (26). However, this does not
affect the asymptotic estimates for omðXpð½aþr ; a
	
sþ1Þ; f ; dÞ; d! 0þ :
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We can now use our results to show equivalence of approximation order
and smoothness.
Definition 6.1. The approximation space Aap;qðIÞ; a > 0; is the set of all
f 2 LpðIÞ such that the semi-norm
jf jAap;qðIÞ :¼
P1
n¼0
ð2naEC2nðX
pðIÞ; f ÞÞq
 1=q
if 14q51;
sup
n2N0
ð2naEC2nðX
pðIÞ; f ÞÞ if q ¼ 1
8><
>:
is ﬁnite. A norm in Aap;qðIÞ is deﬁned by jjf jjAap;qðIÞ :¼ jjf jjXpðIÞ þ jf jAap;qðIÞ:
We need a discrete version of a well-known Hardy-type inequality with
power weights (see also [20, 26, Theorems 326, 327]).
Lemma 6.1. Let m 2 N; 05a5m; 14q41: If a05a15   50 is a non-
increasing sequence, then
X1
n¼0
2nða	mÞ
X2n
n¼0
ðnþ 1Þm	1an
 !q
4C
X1
n¼0
ð2na a2n	1Þ
q:
Proof. Choose E > 0 such that aþ E5m: Since an is non-increasing, we
obtain (by splitting the sum into dyadic blocks)
X2n
n¼0
ðnþ 1Þm	1an 4C0
Xn
n¼0
2mna2n	1
4C0
Xn
n¼0
2Enq
0
 !1=q0 Xn
n¼0
2ðm	EÞnqaq2n	1
 !1=q
4C002En
Xn
n¼0
2ðm	EÞnqaq2n	1
 !1=q
:
After changing the order of summation, the lemma follows from the estimateX1
n¼0
2nða	mÞ
X2n
n¼0
ðnþ 1Þm	1an
 !q
4C00q
X1
n¼0
2ðm	EÞnqaq2n	1
X1
n¼n
2nða	mþEÞq
4Cq
X1
n¼0
ð2na a2n	1Þ
q: ]
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approximation properties by a local trigonometric basis.
Theorem 6.1. Let r; s 2 Z; a > 0; and 14p; q41 be given. Assume that
the set fcjk ¼ wj Cjk : j 2 Z; k 2 N0g is a Riesz basis for L
2ðRÞ such that wj 2
Ba1;qðRÞ for j ¼ r; . . . ; s:
ðaÞ If f 2 Bap;qð½a
	
r 	 g; a
þ
sþ1 þ gÞ for some g > 0; then f 2 A
a
p;qð½a
þ
r ; a
	
sþ1Þ:
ðbÞ If f 2 Aap;qð½a
	
r ; a
þ
sþ1Þ; then f 2 B
a
p;qð½a
þ
r ; a
	
sþ1Þ:
Proof. (a) We use the Jackson-type inequality of Theorem 4.1 to
estimate the approximation space norm for a5m4aþ 1 and 14p51 as
follows (and leave the obvious modiﬁcations in the case p ¼ 1 to the
reader):
jf jAap;qð½aþr ;a	sþ1Þ ¼
X1
n¼0
ð2naEC2nðX
pðIÞ; f ÞÞq
 !1=q
4 Km sup
j¼r;...;s
jjwjjjCðRÞ
X1
n¼0
2an
Xm
m¼0
sup
j¼r;...;s
om	mðCðRÞ; *wj; 2	n	1Þ
  
omðXpð½a	r 	 g; a
þ
sþ1 þ gÞ; f ; 2
	n	1Þ
q1=q
: ð30Þ
Since supj¼r;...;s o
mð *wjÞ4
Ps
j¼r o
mð *wjÞ; we obtain by means of the triangle
inequality that
jf jAap;qð½aþr ;a	sþ1Þ4Km supj¼r;...;s
jjwjjjCðRÞ

Xs
j¼r
Xm
m¼0
X1
n¼0
ð2anom	mðCðRÞ; *wj; 2	n	1Þ
 
 omðXpð½a	r 	 g; a
þ
sþ1 þ gÞ; f ; 2
	n	1ÞÞq
1=q
: ð31Þ
We have already seen in the proof of Lemma 2.2(i) that the q-norms are
majorized by Cjj *wjjjBa1;qð½a	r 	g;aþsþ1þgÞjjf jjBap;qð½a	r 	g;aþsþ1þgÞ: Since *wj 2 B
a
1;qðRÞ by
Theorem 3.1, we have proved that f 2 Aap;qð½a
þ
r ; a
	
sþ1Þ and that jjf jjAap;qð½aþr ;a	sþ1Þ
4Cjjf jjBap;qð½a	r 	g;aþsþ1þgÞ with a constant C depending only on a and the
windows wj:
(b) To estimate the Besov norm of f 2 Aap;q; we use the inverse estimate of
Theorem 5.1. As before we split a into a ¼ am þ am	m with a0 ¼ 0 and am5m:
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Dqjm ¼
X1
n¼0
2nam	mom	m CðRÞ;wj;
1
y2n
 
2nðam	mÞ
X2n
n¼0
ðnþ 1Þm	1 ECn ðX
pð½a	r ; a
þ
sþ1Þ; f Þ
!q
:
Then,
jf jBap;q 4C
X1
n¼0
2naom Xpð½aþr ; a
	
sþ1Þ; f ;
1
y2n
  q !1=q
4Lm sup
j¼r;...;s
jj *wjjjCðRÞ
X1
n¼0
2naq
Xm
m¼0
sup
j¼r;...;s
om	m CðRÞ;wj;
1
y2n
   

1
2nm
X2n
n¼0
ðnþ 1Þm	1ECn ðX
pð½a	r ; a
þ
sþ1Þ; f Þ
!q!1=q
4Lm sup
j¼r;...;s
jj *wjjjCðRÞ
Xm
m¼0
Xs
j¼r
Djm: ð32Þ
In the estimate of Djm for m > 0; we apply Lemma 6.1 to the sequence an ¼
ECn ðX
pð½a	r ; a
þ
sþ1Þ; f Þ and obtain
Djm 4 sup
n2N
2nam	mom	m CðRÞ;wj;
1
y2n
 

X1
n¼0
2nðam	mÞ
X2n
n¼0
ðnþ 1Þm	1ECn ðX
pð½a	r ; a
þ
sþ1Þ; f Þ
 !q !1=q
4jwjjBam	m1;1 ðRÞ
X1
n¼0
ð2namEC2n	1ðX
pð½a	r ; a
þ
sþ1Þ; f ÞÞ
q
 !1=q
4CjjwjjjBa1;qðRÞjjf jjAap;qð½a	r ;aþsþ1Þ:
If m ¼ 0; then
Dqj0 ¼
X1
n¼0
2na om CðRÞ;wj;
1
yn
 
jjf jjXpð½a	r ;aþsþ1Þ
 q
4 jjf jjqXpð½a	r ;aþsþ1Þ
jjwjjj
q
Ba1;qðRÞ
:
Summing over j and m in (32), we obtain the desired result. ]
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is valid on the interval ½aþr ; a
	
sþ1; whereas the assumption is required on a
neighborhood of that interval.
Since Ba1;1ðIÞ; 05a51; consists of all a-H.older continuous functions on I ;
Theorem 1.1 of the introduction follows from Theorem 6.1 as a special case.
To obtain a similar result for the real line, we have to modify the above
proof. Note that the treatment of supj¼r;...;s o
m	mðCðRÞ; *wj; 2	n	1Þ in (31)
does no longer work if either r ¼ 	1 or s ¼ 1: We therefore impose a
slightly stronger condition on the windows wj:
Theorem 6.2. Assume that the set fcjk ¼ wj Cjk : j 2 Z; k 2 N0g is a
Riesz basis for L2ðRÞ and that inf j2Z hj ¼ hmin > 0: If for some E > 0; supj2Z j
jwjjjBaþE1;1ðRÞ ¼ K51; then
Aap;qðRÞ ¼ B
a
p;qðRÞ:
Proof. We only explain the necessary modiﬁcations.
By Theorem 3.1 the dual windows are in BaþE1;1ðRÞ and they satisfy supj2Z
jj *wjjjBaþE1;1ðRÞ ¼
*K :
We have to deal with the expression supj2Z o
m	mðCðRÞ;wj; 2	n	1Þ for m ¼
0; . . . ;m: If m ¼ 0; then supj2Z o
mðCðRÞ;wj; 2	n	1Þ4 *K2	ðaþEÞn: If m > 0; then
Marchaud’s inequality [27, Sect. 3.3.3.] implies that for m	 14a5m
sup
j2Z
om	mðCðRÞ;wj; 2	n	1Þ4Km2ðm	mÞn:
Substituting these inequalities into (30), and (32), we derive that Aap;qðRÞ ¼
Bap;qðRÞ: The estimates in this case are slightly easier and left to the reader. ]
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